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This paper is concerned with the study of global properties of codimension one holomorphic foliations on projective spaces. The exposition deals with the case of dimension two for reasons of simplicity; some of the results extend naturally to higher dimensions.
So let us consider a polynomial differential equation in C 2
(1) P(^) dy -Q^,j) dx = 0, where P and Q are relatively prime polynomials. Such an equation defines a foliation by complex curves, with a finite number of singularities, which extends itself to the projective space CP(2); this is done as follows: a point of CP(2) has three different affine coordinates (A*,^), {u, v) and (^ w) related by 
where "P^, v) == u k+l P(I/M, v[u) and (^{u, v) == u\vP(\fu, vfu) -Q(I/M, vfu)]
where k eN is the smallest integer necessary to grant a polynomial equation in (3) . In the same way the equation (1) may be transformed to the coordinates (z, w) e C 2 . Thus a foliation ^r, with a finite set sing (e^) of singularities, is defined in CP(2) $ we are interested in the limit sets of the leaves of y. A basic question refers to the existence of singularities of the foliation in all these subsets. Although we do not provide an answer to such a question, we present some results that may play a role in the understanding of the problem. Let us proceed to state them.
A minimal set of y is a nonempty closed invariant subset of CP(2) which contains no proper subset with these properties; if it is not a singularity, we say that the minimal set is nontrivial.
We start Section 1 by proving that y has at most one nontrivial minimal set; also, under generic conditions imposed on the singularities, all leaves accumulate on that set. The proof relies upon the application of the Maximum Principle for harmonic functions in order to analyse the distance between leaves. Although the question about the existence of a nontrivial minimal set is still unsettled, it is interesting to remark two facts: first, among the filiations possessing only generic singularities, the subset of those without minimal leaves is nonempty and open in a suitable topology (to be discussed later). Also, in the special situation when a one-dimensional invariant algebraic subvariety exists, a result of [3] implies that only this algebraic subvariety can possibly be the minimal set (a simpler proof is provided here), but this possibility is ruled out as a consequence of the appendix of [2] . In fact, if we try to push further the ideas of this appendix, we naturally realize that the leaves of a nontrivial minimal set in projective spaces have exponential growth; this is discussed in Section 2. More generally, it is shown that a filiation with a nontrivial minimal set does not admit an invariant transverse measure with support in that set. At this point, it is worth regarding the situation from the standpoint of real codimension one G^-foliations. It is known that an exceptional minimal set has a leaf of exponential growth (see [6] ); the basic reason is the presence of a hyperbolic contraction in the holonomy group of some leaf of that set. In our case the real codimension is two and we have no information about holonomy groups; what allows us to prove the growth property is the very special geometry of projective spaces. Now we are motivated to look for more geometrical information. Starting with the construction of a Hermitian metric which has strict negative curvature along leaves not accumulating on singularities, we immediately reach upon the fact that all leaves in the minimal set are hyperbolic Riemann surfaces (see Section 3). Even a stronger statement is true: the family of uniformizations of leaves in the minimal set is a compact family, a result derived after comparing complete conformal Riemannian metrics in the unit disc of C to the Poincar^ metric. We close Section 4 with a byproduct of both geometrical and dynamical analysis, namely: the leaves in the minimal set have no parabolic ends. Let us mention here that the last two theorems we have stated above are related to the results obtained in [8] by A. Verjovski in a different context.
We acknowledge interesting conversations with I. Kupka.
Uniqueness of minimal sets
We start this section by proving a geometrical property of minimal sets. Proof. -Let SC CP(2) be an algebraic set of dimension 1. Suppose that S has degree k and is given in the affine coordinate system {x^y) = {x \y : 1) byf{x,y) = 0, where / is a polynomial of degree k. For a, b, c > 0, consider the function
Since/has degree k, 9 can be extended as a real analytic function in CP (2) . For instance, in the coordinate system (1 : v: u), u = l/^, v ==yfx, the expression of 9 is
From the above, it can be easily proved that S = 9 -1 (0). Suppose by way of contradiction that ^ n S = 0. In this case 9 | ^ has a positive minimum, say 9 | J( > 9(^0) = a > 0, where po eJK. Let ^ : JK ->-R be defined by ^i{p) = log(9(/?)), /? e^f. Clearly ^ ^ 4'(A>) === ^° § a ^ -°°* On the other hand 4/ is superharmonic along the leaves of y contained mJK. In fact, if z ^p{z) = {x{z),jy{z)) is a local holomorphic parametrization of a leaf LC^, then ^(p{z)) > -oo and
0.
In particular, this implies that ^, and also 9, are constant along the leaf L of t hrough RQ. Since this leaf is dense in ^, it follows that 9 is constant in ^. This fact is independent of a, i, c, so that, for any triple (a, b, c) e (0, + oo) 3 there exists a > 0
It is not difficult to see that this is impossible. Hence ^K n S = 0.
• As a consequence, if A C CP (2) is a 1-dimensional invariant algebraic subvariety, then ^K = A, which is impossible as we will see in Section 2.
Let us now proceed to prove the main result of this Section; another proof of it was shown to us by H. Rosenberg. Proof. -Let^ be a nontrivial minimal set of^, and L a (nonsingular) leaf of e^, such that L n sing(<^") == 0. It is enough to prove that L n Jl 4= 0. Suppose on the contrary that L n ^ === 0. Let (x,y) == {x \y : 1) be an affine coordinate system on CP (2) . Consider in C 2 = { (x :y : 1); x,y e C } C CP(2) the euclidean metriĉ
. Then ^/ and F are closed subsets of In order to prove this, let us keep the notation of the above proof, but this time assuming that po e F n sing(^).
Observe that thej^-axis is normal to Lg and ^05 ^d so Lg can be parametrized locally asj^ =jg(^), wherej^O) = J ; o9J / 2(0) == 0-From the hypothesis, L contains some local analytic separatrix ofj&o, say S. This separatrix has a Puiseux's parametrization of the form (B(T) = (T^T)), | T | < s, where j^(T) = T^T), a(0) =1= 0, m, n^ 1. Consider the harmonic function <p(T) = log^CP^T)), (T^T-)))) = log I^CP 1 ) -^(T) |.
As before, 9 has a minimum at T = 0, and soj^T") =j^i(T) +j/o,|T|<e. This implies that the parametrization ofS can be written as T h-> (T^j^T") -jo). Since the Puiseux parametrization is injective, it follows that n = 1 and (B(T) = (T,j^(T) -j^). From this and analytic continuation, it is possible to construct sequences p^ = (A^,J^) e Lâ nd ^ = (A^,J^ +J\)) e L2, where lim^oo x^ = oo and L^ is the leaf of ^ which contains S. As before, this implies that L n ^ =h 0.
• Condition (*) is satisfied, for example, when any singularity of ^ has, as linearized equation (in suitable coordinates), the 1-form \x dy -[Ly dx == 0 where X. (A =(= 0 and X/(JL ^ R. In this case we say that the singularity belongs to the Poincard omain. In fact, in this situation (which is frequent as we will see in a moment) we have a slight improvement.
Proposition 2. -Suppose all singularities of 3^ belong to the Poincare domain. Let L»i and Lg
be non singular leaves of y\ then L^ n L^ =t= 0.
In particular, if there is a minimal set J( for ^ (which is unique), then any nonsingular leaf accumulates on it.
Before closing this Section, we discuss briefly how to introduce a topology in the space SC of foliations of CP(2) (see [5] ). In this topology, 3£ is the disjoint union of connected components 2K'" containing the foliations of degree n e N. The degree of 3^ e SE is the number of tangencies of y with a generic complex line of CP (2) . In affine coordinates, y e X\ is written as P dy -Q^dx = 0 where P = Po + PI + ... + P^ + ^, Q= Qo + Qi + • • • + Qn +^; Pp Q.,, 0 < j ^ n, are homogeneous polynomials of degree j e N, and g is a homogeneous polynomial of degree n. A neighborhood of 3^ in 3E'" contains the foliations, whose equations involve homogeneous polynomials with coefficients close to the ones of y.
It is not difficult to check that the subset 8ft ^ C 3K\ of'foliations, all of whose singularities belong to the Poincare domain, is an open dense subset of 3K\. The local topology of ^ e 8ft ŝ
it p e sing(^') is such that the leaves cross transversely any small sphere placed around eCP(2).
Proposition 3. -The subset of foliations of 8ft ^ without nontrivial minimal sets is open and nonempty.
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Growth of the leaves of minimal sets
Let us now introduce the Fubini-Study metric in CP(2), namelŷ
What makes it particularly interesting is that the associated 2-form JQ ^ ^ dxAdx+djy/^djy+ (x dy -jdx) A (a; dy -y dx)
is given by the formula
and the area of a standard domain D C F (F is a leaf) is
W^-! ^.
•<7tJD
Let us define a = -8 log(l + | x | 2 + |j» |2), so that Q = i 9a.
Suppose there is a minimal set ^C CP (2) of ^ and assume that (y,J) =(0,oo) eCP (2) does not belong to J(. The first projection p{x,y) = x induces on E = CP(2)\(y,J) the structure of a fibre bundle over CP(1) = (J^O). Without loss of generaUty'we can assume that the fiber through x == oo, y == 0 is transverse to Ji. Consider now a standard domain (in the sense of Whitney) DC F; assume that all points p^ ... 5 ^ of tangency between D and the fibers of E lie in int D and assume that none of these points belongs to the fiber x = oo.
Lemma. -T = or + T] is a well defined \-form on E\{(a-
The following result plays the same role in our context of the First Fundamental Theorem in Nevanlinna's theory for analytic curves in projective spaces. Remark. -We can apply the above formula to show that there are no compact leaves. Indeed, if F is a compact leaf, it has to be a smooth algebraic subvariety ofCP(2) (otherwise its singularities would also be singularities of the foliation). Now we just consider D == F in the formula and get A(F) < 0, a contradiction.
Let us now proceed to prove the growth property for a leaf F contained in the minimal set J(. Consider the function
where Dy is the disc of radius r > 0 centered at some fixed pointy e F. According to [6] it is enough to show that lin,inf^>0.
where f(8 Dy) is the lenght ofDy and the variable r e R^. avoids a countable subset ofR. Let {Ps }?=i be th^ set of tangencies of F with the fibers of E. Since mtJK == 0, we may assume, without loss of generality, that Another proof of the growth property follows (see [7] ) from the next Proof. -Suppose on the contrary that v is such a measure. Then this implies the existence of a current ^ associated to e^f with the following property:
Given a local chart of ^, (U, a), where a : U -> C is a distinguished map, there is a measure v^j on a(U) = plaque space, such that for any differential form <x) with support in U (5) < 0 ) ,^> = J^O ) )^( 7 r ) ,
where TC denotes a plaque of (U, a).
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We define the asymptotic Chern class of^ as follows: Let (U,., a,)^ be a covering of^ by local charts of ^ and (U,., 9,.) a partition of unity subordinated to the covering (U^). Then (6) c^) = S f (f 9,W ©^, a,)) ^.(Tr), c{^) =2.
9,W (^, a,) d^Ŵ°l
where ^. = v^. and © is the curvature form associated to a connection V on the normal bundle N(c^) to the foliation restricted to Ji. It can be verified that c{^K) is independent from all the choices. Now, given any section X ofN(^) such that on each leaf its zeros form a locally finite set in the topology of the leaf, we can define an index Ind(X,c^) as follows. As before, cover ^K with a finite number of charts of <^, (U,, a,.), and suppose that: (a) the foliated part of 8V j does not meet ^ and the vertical part of 8\Jj does not meet Zer(X, ^), the set of zeros of X. (b) 9, = 1 on Zer(X,^) for all j = 1, ..., N. Then Ind(X,^) = S f 7i(X, 9,, TT) rfv,(7r),
l Jay(Uy) where n(X, 9,, TC) == S 9, (A?) Ind(X, x).
x e Zer(X, 7t)
Now, we prove that 
Hyperbolicity in minimal sets
We proceed to discuss now the construction of metrics which induce negative Gaussian curvature on the leaves of a foliation of CP (2) .
Let y be a holomorphic foliation on CP(2) of degree n ^ 2. As we have seen, y can be expressed in the affine coordinate system (x,y) == {x \y : 1) by a differential equation of the form P dy -Q^dx = 0, where P = p + xg and Q,= q 4-J^? P ^d q polynomials of degree ^ n and g a homogeneous polynomial of degree n. The leaves of y \ C 2 are defined locally as the solutions of the complex differential equation
(!') ^==P(^), ji=Q(^). 
